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Abstract
The Zero divisor Graph of a commutative ring R, denoted by Γ[R], is a graph
whose vertices are non-zero zero divisors of R and two vertices are adjacent
if their product is zero. In this paper we derive the Wiener index and the
characteristic polynomial of the Compressed zero divisor graph ΓE [Zm] where
m = pn with prime p.
Keywords:-Compressed zero divisor graph,Wiener index and characteristic
polynomial
1 Introduction
In this article, section 2, is about the preliminaries and notations related
to zero divisor graph of a commutative ring R and compressed zero divisor
graph, in section 3, we derive the characteristic polynomial of the compressed
zero divisor graph ΓE[Zpn ], and in section 4, we calculate the Wiener index
of the compressed zero divisor ΓE[Zpn ].
1
2 Preliminaries and Notations
Definition 2.1. Zero divisor Graph[1, 2]
Let R be a commutative ring with unity and Z[R] be the set of its zero divi-
sors. Then the zero divisor graph of R denoted by Γ[R], is the graph(undirected)
with vertex set Z∗[R] = Z[R] − {0}, the non-zero zero divisors of R, such
that two vertices v, w ∈ Z∗[R] are adjacent if vw = 0.
Definition 2.2. Adjacency matrix of Γ[R][4]
The adjacency matrix of the zero divisor graph Γ[R] is the matrix [vij ] with
rows and columns labeled by the vertices and is given by
vij =


1, vi is adjacent to vj ;
0, otherwise.
Adjacency matrix of Γ[R] is denoted by M(Γ[R]). Clearly for an undirected
graph, the adjacency matrix is symmetric.
Definition 2.3. Compressed zero divisor graph Γ[R][6, 8]
Let R be a commutative ring with non-zero identity.Then the compressed
zero divisor graph ΓE[R] of R is defined by using the equivalence relation ∼
on R given by x∼y iff annR(x) = annR(y).
The set of vertices of ΓE[R] is V(ΓE [R]) ={[x]∼/x ∈ R/[0]∼ ∪ [1]∼} and two
distinct vertices [x]∼ and [y]∼ are connected by an edge in ΓE[R] iff xy = 0
Definition 2.4. Wiener index of Γ[R]
Let Γ[R] be a zero divisor graph with vertex set V . We denote the length
of the shortest path between every pair of vertices x, y ∈ V with d(x,y).
Then the Wiener index of Γ[R] is the sum of the distances between all pair
of vertices of Γ[R], i.e., W (Γ[R]) =
∑
x,y∈V
d(x, y).
2
3 Characteristic polynomial of ΓE[Zpn]
For any elements x and y of R, we define x∼y iff annR(x) = annR(y) where
∼ equivalence relation on R.
The operation on the equivalence classes is defined as [x]R.[y]R= [xy]R is
well-defined.
ΓE [R] denote the compressed zero divisor graph whose vertices are the ele-
ments from commutative ring with non-zero identity other than [0] and [1]
and two distinct vertices are adjacent iff [x]R.[y]R= [0]R provided xy = 0 note
that x and y are distinct vertices in Γ[R] , so that [x]R,[y]R are adjacent in
ΓE [R] iff [x]R 6= [y]R.
In this section we derive the standard form of adjacency matrix of ΓE[Zpn ]
and we find the corresponding characteristic polynomials.
To start with we consider n = 6.
Let n = 6 i.e., ΓE [Zp6 ] the vertex set is given by
V( ΓE [Zp6]) = {a = m[p], b = m[p
2], c = m[p3], d = m[p4], e = m[p5]} and the
adjacency matrix is given by M(Γ[Zp6 ]) =


0 0 0 0 1
0 0 0 1 1
0 0 1 1 1
0 1 1 1 1
1 1 1 1 1


Then |M − λI| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−λ 0 0 0 1
0 −λ 0 1 1
0 0 1− λ 1 1
0 1 1 1− λ 1
1 1 1 1 1− λ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
on expanding the determinant we get the characteristic polynomial as
3
λ5 − 3λ4 − 3λ3 + 4λ2 + λ− 1.
Let n = 7 i.e., ΓE [Zp7] the vertex set is given by
V( ΓE [Zp7 ]) = {a = m[p], b = m[p
2], c = m[p3], d = m[p4], e = m[p5], f =
m[p6]} and the adjacency matrix is given byM(Γ[Zp7 ]) =


0 0 0 0 0 1
0 0 0 0 1 1
0 0 0 1 1 1
0 0 1 1 1 1
0 1 1 1 1 1
1 1 1 1 1 1


Then |M − λI| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−λ 0 0 0 0 1
0 −λ 0 0 1 1
0 0 −λ 1 1 1
0 0 1 1− λ 1 1
0 1 1 1 1− λ 1
1 1 1 1 1 1− λ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
on expanding the determinant we get the characteristic polynomial as
λ6 − 3λ5 − 6λ4 + 4λ3 + 5λ2 − λ+ 1.
From the above examples and many more, we have observed that the co-
effients of the characteristic polynomial form a pascal like traingle which is
shown below
4
11 1
1 1 1
1 2 1 1
1 2 3 1 1
1 3 3 4 1 1
1 3 6 4 5 1 1
1 4 6 10 5 6 1 1
1 4 10 10 15 6 7 1 1
. . .
This motivate us to derive the characteristic polynomial for Γ[Zm], where
m = pn with p prime.
Theorem 3.1. Let m = pn with p prime. Then the characteristic equation
of a compressed zero divisor graph Γ[Zm] is
λn−1 − b1λ
n−2 − b2λ
n−3 + b3λ
n−4 + ........ − (−1)⌊
k+1
2
⌋[bkλ
n−(k+1)] + ......... +
(−1)b1 [bn−1]λ
n−n = 0.
where bi=
(
pi
i
)
and pi =
⌊
n−1+i
2
⌋ = floorfunction, for i = 1, 2, 3, ....n− 1.
Proof. Let m = pn. Then the set of non-zero zero divisors of Zm is
Z∗[Z
m
] = {[p], [p2], [p3], ....[pn−1]} with cardinality n − 1 and the adjacency
matrix is given by
M(Γ[Zpn ]) =


0 0 0 0 · · · 0 1
0 0 0 0 · · · 1 1
...
...
...
... · · ·
...
...
0 0 1 1 · · · 1 1
0 1 1 1 · · · 1 1
1 1 1 1 · · · 1 1


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|M− λI| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−λ 0 0 0 · · · 0 1
0 −λ 0 0 · · · 1 1
...
...
...
... · · ·
...
...
0 0 1 1 · · · 1 1
0 1 1 1 · · · 1− λ 1
1 1 1 1 · · · 1 1− λ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Then |M− λI| = |A||D − CA−1B| = 0.
Since A is a null matrix of order
⌊
n−1
2
⌋, we get |A| = (−λ)
⌊
n−1
2
⌋.
And |CA−1B| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 · · · 0
0 −1
λ
−1
λ
· · · −1
λ
0 −1
λ
−2
λ
· · · −2
λ
...
...
...
. . .
...
0 −1
λ
−2
λ
· · ·
−
⌊
n−1
2
⌋
λ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
So, in general when n is odd |D − CA−1B| is given by
|D − CA−1B| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a3 − λ a3 a3 · · · a3
a3 a5 − λ a5 · · · a5
a3 a5 a7 − λ · · · a7
...
...
. . .
...
a3 a5 a7 · · · an − λ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
when n is even |D − CA−1B| is given by
|D − CA−1B| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a2 − λ a2 a2 · · · a2
a2 a4 − λ a4 · · · a4
a2 a4 a6 − λ · · · a6
...
...
. . .
...
a2 a4 a6 · · · an − λ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
where an = 1 +
⌊
n−1
2
⌋
λ
in both the cases for n = 2, 3, 4.....
6
on solving the above determinant and calculating |A||D − CA−1B|
The characteristic equation of a compressed zero divisor graph Γ[Zm] is
λn−1 − b1λ
n−2 − b2λ
n−3 + b3λ
n−4 + ........ − (−1)[
k+1
2
][bkλ
n−(k+1)] + ......... +
(−1)b1 [bn−1]λ
n−n = 0.
where bi =
(
pi
i
)
and pi =
⌊
n−1+i
2
⌋, for i = 1, 2, 3, ....n− 1.
4 Wiener index of a Compressed zero divisor
graph ΓE[Zn].
In this section, we derive the standard form of the Wiener index of the
compressed zero divisor graph ΓE [Zm] form = p
n. To start with, we consider
two cases n being even and odd.
Theorem 4.1. Let m = p6 with p prime. Then the Wiener index of a
compressed zero divisor graph ΓE[Zm] is W(ΓE[Zm]) = 14.
Proof. Let m = p6. Then the set of non-zero zero divisors of Zm is
Z∗[Z
m
] = {[p], [p2], [p3], [p4], [p5]} with cardinality n− 1.
Let a = [p], b = [p2], c = [p3], d = [p4], e = [p5].
Since the element a is not adjacent with b,c and d
therefore d(a, b) = d(a, c) = d(a, d) = 2 and d(a, e) = 1
and b is also not adjacent with c therefore d(b, c) = 2
c is adjacent with d and e therefore d(c, d) = 1 and d(c, e) = 1
but d adjacent with b,c e therefore d(d, b) = 1 ,d(d, e) = 1 also e is adjacent
with all other elements except a therefore d(e, b) = 1
∴ W(Γ[Zp4]) =
∑
d(x, y) = d(a, b) + d(a, c) + d(a, d) + d(a, e) + d(b, c) +
d(b, d)+d(b, e)+d(c, d)+d(c, e)+d(d, e) = 2+2+2+1+2+1+1+1+1+1 = 14.
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Theorem 4.2. Let m = p7 with p prime. Then the Wiener index of a
compressed zero divisor graph ΓE[Zm] is W(ΓE[Zm]) = 21..
Proof. Let m = p7. Then the set of non-zero zero divisors of Zm is
Z∗[Z
m
] = {[p], [p2], [p3], [p4], [p5], [p6]} with cardinality n− 1.
Let a = [p], b = [p2], c = [p3], d = [p4], e = [p5], f = [p6].
Since the element a is not adjacent with b,c,d and e and it is only adjacent
with f
therefore d(a, b) = d(a, c) = d(a, d) = d(a, e) = 2 and d(a, f) = 1
and b is also not adjacent with c,d but adjacent with e, f therefore d(b, c) =
d(b, d) = 2 and d(b, e) = d(b, f) = 1
c is adjacent with d,e and f therefore d(c, d) = 1,d(c, e) = 1 and d(c, f) = 1
but d adjacent with e,f therefore d(d, e) = 1 ,d(d, f) = 1 also e is adjacent
with all other elements except a therefore d(e, f) = 1
∴ W(ΓE[Zp7 ]) =
∑
d(x, y) = d(a, b) + d(a, c) + d(a, d) + d(a, e) + d(a, f) +
d(b, c)+d(b, d)+d(b, e)+d(b, f)+d(c, d)+d(c, e)+d(c, f)+d(d, e)+d(d, f)+
d(e, f) = 2 + 2 + 2 + 2 + 1 + 2 + 2 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 = 21.
With the above proofs we now head towards a general case
Theorem 4.3. Let m = pn with p prime. Then the Wiener index of a
compressed zero divisor graph ΓEZm] is W(ΓE[Zm])=
(n−2)(3n−4)
2
if n is even
and W(ΓE[Zm])=
(n−1)(3n−7)
2
if n is odd.
Proof. Let m = pn. Then the set of non-zero zero divisors of Zm is
Z∗[Z
m
] = {[p], [p2], [p3], ....[pn−1]} with cardinality n− 1.
Let a1 = [p], a2 = [p
2], a3 = [p
3], .......an−1 = [p
n−1].
Since the element a1 is not adjacent with a2,a3,....an−2 and it is only adjacent
with an−1
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therefore d(a1, a2) = d(a1, a3) = ......d(a1, an−2) = 2 and d(a1, an−1) = 1
with a similar argument, we get
d(a2, a3) = d(a2, a4) = ......d(a2, an−3) = 2
and d(a2, an−2) = 1, d(a2, an−1) = 1
∴ d(ai, ai+1) = d(ai, ai+2) = ......d(ai, an−i−1) = 2 and
d(ai, an−i) = 1, d(ai, an−i+1) = ......d(ai, an−1) = 1
so on d(an−1, an) = 1
The combinations of the elements with distance is 2 are
d(a1, a2) = d(a1, a3) = ......d(a1, an−2) = 2
these are (n-3)combinations as a1 and an−1 are to be neglected.
similarly d(a2, a3) = d(a2, a4) = ......d(a2, an−3) = 2
these are (n-5)combinations as a1, a2 , an−2 and an−1 are to be neglected.
so on d(a⌊n
2
⌋−1, a⌊n
2
⌋) = 2 this is only one combination as the suffixes are
consecutive terms.
where ⌊n
2
⌋ = floorfunction.
Now the combinations of the elements with distance is 1 are
d(a1, an−1) = 1 this is only one term,
d(a2, an−2) = 1,d(a1, an−1) = 1 these are two terms,
d(a3, an−3) = 1,d(a3, an−2) = 1,d(a3, an−1) = 1 these are three terms, so on
d(a⌊n
2
⌋−1, a⌊n
2
⌋+1) = d(a⌊n
2
⌋−1, a⌊n
2
⌋+2) = ........ = d(a⌊n
2
⌋−1, an−1) = 1
these are (⌊n
2
⌋ − 1) in all
similarly d(a⌊n
2
⌋, a⌊n
2
⌋+1) = d(a⌊n
2
⌋, a⌊n
2
⌋+2) = ........ = d(a⌊n
2
⌋, an−1) = 1
these are also (⌊n
2
⌋ − 1) in all
so on d(an−2, an−1) = 1 this is only one term.
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W (ΓE [Zm]) =
∑
x,y∈V
d(x, y).
=
∑
dist=2
d(ai, aj) +
∑
dist=1
d(ai, aj)
= 2× [(n− 3) + (n− 5) + .....+ (n− n− 1)] + 2× [1 + 2 + ....+ (⌊
n
2
⌋ − 1)]
= 2× [(n− 1)− 2 + (n− 1)− 4 + .....+ (n− 1)− [2⌊
n
2
⌋ − 1)]
+ 2× [1 + 2 + ....+ (⌊
n
2
⌋ − 1)]
= 2× [(n− 1)− 2 + (n− 1)− 4 + .....+ (n− 1)− [2⌊
n
2
⌋ − 1)]
+ 2× [1 + 2 + ....+ (⌊
n
2
⌋ − 1)]
= 2× [(n− 1)(⌊
n
2
⌋ − 1)]− [2 + 4 + ..+ 2(⌊
n
2
⌋ − 1)]
+ 2× [1 + 2 + ....+ (⌊
n
2
⌋ − 1)]
= 2× [(n− 1)(⌊
n
2
⌋ − 1)]− 2[1 + 2 + .. + (⌊
n
2
⌋ − 1)]
+ 2× [1 + 2 + ....+ (⌊
n
2
⌋ − 1)]
= 2[(n− 1)(⌊
n
2
⌋ − 1)]− 4[1 + 2 + ..+ (⌊
n
2
⌋ − 1)] + 2× [1 + 2 + ....+ (⌊
n
2
⌋ − 1)]
= 2[(n− 1)(⌊
n
2
⌋ − 1)]− 2[1 + 2 + ..+ (⌊
n
2
⌋ − 1)]
= 2× [(n− 1)(⌊
n
2
⌋ − 1)]− 2×
[
⌊n
2
⌋([⌊n
2
⌋ − 1])
2
]
.
= 2× [(n− 1)(⌊
n
2
⌋ − 1)]−
[
⌊
n
2
⌋]([⌊
n
2
⌋ − 1])
]
.
∴ W (ΓE [Zm]) = 2× [(n− 1)(⌊
n
2
⌋ − 1)]−
[
⌊
n
2
⌋([⌊
n
2
⌋ − 1])
]
.
⌊
n
2
⌋ =


n−1
2
, if, nisodd;
n
2
, if, niseven.
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case1:- If n is even
∴ W (ΓE[Zm]) = 2× [(n− 1)([
n
2
]− 1)]−
[
[
n
2
]([
n
2
]− 1])
]
.
= 2× [(n− 1)(
n
2
− 1)]−
[
n
2
(
n
2
− 1])
]
.
= 2× [(n− 1)(
n− 2
2
)]−
[
n
2
(
n− 2
2
)
]
.
= (n2 − 3n + 2)− (
n2 − 2n
4
).
= (
n− 2
4
)[4n− 4− n].
=
(n− 2)(3n− 4)
4
.
case2:- If n is odd
∴ W (ΓE[Zm]) = 2× [(n− 1)([
n
2
]− 1)]−
[
[
n
2
]([
n
2
]− 1])
]
.
= 2× [(n− 1)(
n− 1
2
− 1)]−
[
n− 1
2
(
n− 1
2
− 1])
]
.
= 2× [(n− 1)(
n− 1− 2
2
)]−
[
(n− 1)(n− 1− 2)
2
]
.
= (n− 3)[(n− 1)− (
n− 1
4
)].
= (
n− 3
4
)[4n− 4− n+ 1].
=
3(n− 1)(n− 3)
4
+ [
n
2
](an additional term if n is odd).
=
3(n− 1)(n− 3)
4
+
n− 1
2
.
=
(n− 1)(3n− 7)
4
11
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